We have discussed thermodynamical and magnetic properties of the grandcanonical ensembles of the half-filled, two-site Hubbard model within the framework of the nonextensive statistics (NES). For relating the physical temperature T to the Lagrange multiplier β, two methods have been adopted: , where k B is the Boltzman constant and c q a sum of the escort probability. The temperature dependence of specific heat and magnetic susceptibility have been calculated for the entropic index q with 1 ≤ q ≤ 2, the conventional Boltzman-Gibbs statistics being recovered in the limit of q = 1. The Curie constant Γ q of the susceptibility in the atomic and low-temperature limits with t/U = T /U = 0 is shown to be given by Γ q = 2 q 2 2(q−1) in the method A, and Γ q = 2 q in the method B, where t stands for electron hoppings and U intra-atomic interaction in the Hubbard model. It has been shown that these expressions agree with the results of a free spin model which has been studied also by the NES with the methods A and B.
I. INTRODUCTION
Much study has been made in the last several years with the use of nonextensive statistics (NES) [1] [2] [3] . The conventional Boltzman-Gibbs statistics (BGS) cannot be applied to nonextensive systems where the entropy relevant to N particles is not proportional to N. Tsallis [1] [2] [3] has proposed a generalized entropy defined by
where k B is the Boltzman constant, q the entropic index, and p i the probability density of the ith state, the entropy in BGS being recovered in the limit of q = 1 in Eq. (1) . The NES has been successfully applied to a wide range of nonextensive systems including physics, chemistry, mathematics, astronomy, geophysics, biology, medicine, economics, engineering, linguistics, and others [4] . The current NES, however, is not complete, having following unsolved issues.
(i) A full and general understanding of the relation between the entropic index q and the underlying microscopic dynamics is lacking. The index q is usually obtained in a phenomenological way by a fitting of experimental or computational available data. It has been reported that the observed velocity distribution of galaxy clusters significantly deviates from BGS distribution, which may be fitted well by the NES distribution with q ∼ 0.23 [5] . The index q in self-gravitating systems has been shown to be q = 0.60 ∼ 0.92 for n = 3 ∼ 20 with the use of the relation: n = 1/(1 − q) + 1/2 for the entropic index q and the polytrope index n given by P (r) ∝ ρ(r) 1+1/n , where P (r) is pressure and ρ(r) mass density [6] . However, the index q has been successfully determined a priori in some cases [3] . In one-dimensional dissipative map, the index is given by q = 0.2445 [7] from its scaling property of dynamic attractors. In nanometric systems consisting of N noninteracting particles, the NES distribution is shown to arise from fluctuating β whose distribution is given by the χ 2 (or Γ) distribution, leading to q = 1 + 2/N [8] [9] [10] .
(ii) The second issue is that it is not clear how to relate the physical temperature T to the introduced Lagrange multiplier β. So far two methods have been proposed:
where c q denotes a sum of the escort probability [Eq. (18) ]. The method A proposed in Ref. [2] is the same as the extensive BGS. The method B is introduced so as to satisfy the zeroth law of thermodynamical principles and the generalized Legendre transformations [11] . It has been demonstrated that the negative specific heat of a classical gas model which is realized in the method A [12] , is remedied in the method B [11] . Results calculated with the use of the two methods have been compared in self-gravitating systems [13] . In a previous paper [14] (referred to as I hereafter), we have studied thermodynamical and magnetic properties of canonical ensembles of the two-site Hubbard model within the frame work of the Tsallis' NES [2] . It has been shown that calculated properties are considerably modified with an introduction of a small noextensivity to the model. The Hubbard model is one of basic models in solid-state physics, providing us with qualitative description for many interesting phenomena such as magnetism, electron correlation and superconductivity. In particular, the model has been widely employed for a study of metallic magnetism. In the atomic limit where the electron interaction is much larger than electron hoppings, the Hubbard model with the half-filled band reduces to a local-spin model such as the Heisenberg and Ising models. Despite the simplicity of the Hubbard model, however, it is very difficult to obtain its exact solution. The two-site Hubbard model is employed as a simple model which can be analytically solved. Thermodynamical and magnetic properties of the two-site model have been studied within the BGS [15] [16] . The purpose of the present paper is to apply the NES to grand-canonical ensembles of the two-site Hubbard model, as a continuation of I [14] . In addition to the specific heat and susceptibility, we will investigate the Curie constant of the susceptibility in the atomic limit, adopting the T − β relations in the methods A and B given by Eqs. (2) and (3).
The paper is organized as follows. After briefly reviewing the NES for the quantum system, we will discuss, in Sec. 2, the specific heat, susceptibility and the Curie constant in the atomic limit calculated by the NES with the two methods A and B. The final Sec. 3 is devoted to discussions and conclusions. In appendix A, free spin systems have been discussed also by using the NES with the two methods.
II. NONEXTENSIVE STATISTICS
A. Entropy, energy and free energy
We consider grand-canonical ensembles described by the half-filled, two-site Hubbard model given bŷ
where n jσ = a † jσ a jσ , a jσ denotes the annihilation operator of an electron with spin σ on a site j (=1, 2), t the hopping integral, U the intraatomic interaction and h an applied magnetic field in an appropriate unit. Eigen values of the system are given by [16] 
where ∆ = U 2 /4 + 4t 2 , and n i expresses the number of electrons in the ith state. The grand-partition function in BGS, Ξ BG , is given by (k B = 1 hereafter) [16] Ξ BG = T r e
Here Tr stands for trace,N = 2 i=1 σ n iσ , and the chemical potential is µ = U/2 independent of the temperature in the half-filled case where the number of total electrons is N e = 2. By using the standard method in the BGS, we can obtain various thermodynamical quantities of the system [15] [16] . Now we adopt the NES in which the entropy S q is given by [1] [2]
Hereρ q denotes the generalized density matrix, whose explicit form will be determined shortly [Eq. (16)]. We will impose the three constraints given by
T r (ρ
where the normalized formalism is adopted [2] . The variational condition for the entropy with the three constraints given by Eqs. (13)- (15) yieldŝ
with
where
1−q is the generalized exponential function. Lagrange multipliers β and µ relevant to the constraints are given by the relations:
The entropy S q in Eq. (12) is expressed by
where ln q (x) ≡ (x 1−q − 1)/(1 − q) is the generalized logarithmic function. In relating the physical temperature T to the chemical potential µ to Lagrange multipliers, two methods have been proposed:
In the limit of q = 1, we get the results obtained in the BGS:
It is necessary to point out that E q and X q have to be determined self-consistently by Eqs. (14)- (18) with µ determined by Eqs. (20) and (24) for N q = N e and a given temperature T because they are mutually dependent. In the half-filled case, however, calculations become easier because µ = U/2 independent of the temperature. The calculation of thermodynamical quantities in the NES generally becomes more difficult than that in BGS. In our numerical calculations to be reported in this paper, simultaneous equations for E q and X q given by Eqs. (14)- (18) are solved by using the Newton-Raphson method. The iteration have started with initial values of E q and X q obtained from the BGS (q = 1). Numerical calculations have been made for 1 ≤ q ≤ 2 which is appropriate for nanoscale systems [8] [9] [10] .
B. Specific heat
First we consider the specific heat, which is given by
Because E q and X q are determined by Eqs. (14)- (18), we get simultaneous equations for dE q /dβ and dX q /dβ, given by
where ǫ i =< i |Ĥ | i > and n i =< i |N | i >. The specific heat is then given by
The specific heat in the limit of q = 1 agrees with the result of BGS [14] . The temperature dependences of the specific heat C q calculated with the use of the method A for U/t = 0, 5 and 10 are plotted in Figs. 1(a), 1(b) and 1(c), respectively. The specific heats in BGS (q = 1) shown by bold solid curves in Figs. 1(a)-1(c) have peaks at lower temperatures for larger interactions, as previous calculations showed [16] . Note that the horizontal scale of Fig. 1(c) is enlarged compared to those of Figs. 1(a) and 1(b). When q is larger than unity, the peak becomes broader. This behavior of the specific heat against a change in the index q is consistent with the result for the canonical ensembles of the same model [14] . Figures 1(d) , 1(e) and 1(f) show the temperatures dependence of the specific heat C q calculated by the method B for U/t = 0, 5 and 10, respectively. Although general property of the q dependence of the specific heat of the method B is similar to that of the method A, the effect of the nonextensivity in the method B is smaller than that in the method A.
C. Susceptibility
In the NES, the magnetization induced by an applied field h is obtained by
leading to the susceptibility given by
= −E (2)
where µ i = −∂ǫ i /∂h and E (2)
With calculations using Eqs. (14)- (18), we get simultaneous equations for E (2) q and X (2) q , given by
The susceptibilities χ q in the methods A are B given by
with the T − β relations given by Eqs. (22) and (23), respectively. The suecptibility in the limit of q = 1 agrees with the results of BGS [14] . The temperature dependences of the susceptibility χ q calculated by the method A for U/t = 0, 5 and 10 are plotted in Figs. 2(a), 2(b) and 2(c), respectively. The susceptibility in BGS shown by the bold solid curve has a larger peak at low temperatures for larger U, as in Ref. [16] : the horizontal scale of Fig. 2(c) is enlarged compared with Figs. 2(a) and 2(b) . We note that as increasing q above unity, the peak in χ q becomes broader. Figures  2(d) , 2(e) and 2(f) show the temperature dependence of the susceptibility χ q calculated by the method B for U/t = 0, 5 and 10, respectively. Again the effect of the nonextensivity in the method B is smaller than that in the method A.
D. Curie constant in the atomic limit
The half-filled Hubbard model with t/U ≪ 1 reduces to a local-spin model with the superexchange interaction J ∼ t 2 /U. In the limit of t/U = 0 (atomic limit) for which J = 0, the susceptibility of the two-site Hubbard model in BGS is given by
Defining the effective, temperature-dependent Curie constant by
we note that it varies from Γ 1 (0) = 2 for localized moments to Γ 1 (∞) = 1 for delocalized moments. By using the NES, we get the Curie constant of our model in the low-temperature limit (T ≪ U), given by
where M denotes the number of states with the lowest value of ǫ i − µn i . Similarly the Curie constant in the high-temperature limit (T ≫ U) is given by
where M ∞ expresses the number of available states in our model. Expressions given by Eqs. (51) and (52) are consistent with the results for free spin systems calculated by NES with the methods A and B [Eq. (A14) and (A15)], whose detail is discussed in appendix A [17] . Solid curves in Fig. 3 (a) and 3(b) show the temperature dependence of the inversed susceptibility 1/χ q for t = 0 with various q values calculated by the methods A and B, respectively. We notice that as increasing the q value, the gradient of 1/χ q is decreased in both the methods. Solid curves in Fig. 3(c) and 3(d) express the temperature dependence of Γ q calculated by the methods A and B, respectively. We note that Γ 1 is 2 at T /U ∼ 0 and approaches 1 at T /U ∼ 10, as Eqs. (48) and (49) show. Γ 2 (T ) in the method A is 16 at T /U ∼ 0 and it is rapidly increased as increasing the temperature with the maximum at T /U ∼ 4, above which it is decreased. In contrast, Γ 2 (T ) in the method B starts from 4 at T /U ∼ 0, and approaches 2 at T /U = 10 with a peak at T /U ∼ 0.2.
We note that in Figs. 3(a)-3(d) that the Curie constant is increased with increasing q. This is more clearly seen in Figs. 3(e) and 3(f), where we plot the q dependences of Γ q (T ) calculated by the methods A and B, respectively. Circles in Fg. 3(e) show Γ q (T ) at T = 0.02 calculated by the method A, which nicely obeys the relation Γ q (0) = 2 q 2 2(q−1) [Eq. (51)]. On the contrary, Γ q (∞) in the model A is expressed by squares in Fig. 3(e) where the chain curve denotes Γ q (∞) = q 4 2(q−1) [Eq. (54)]. A disagreement between the chain curve and the result of T /U = 10 arises from a fact that the temperature of T /U = 10 does not correspond the high-temperature limit, which is realized at T /U > 100. Circles in Figure  3 (f) show the q dependence of Γ q (T ) at T /U = 0.02 calculated by the method A, which follows the relation Γ q (0) = 2q given by Eq. (52). On the contrary, Γ q (T ) at T /U = 10 calculated by the method B is plotted by squares in Fig. 3(f) , approximately following the chain curve denoting Γ q (∞) = q [Eq. (55)].
III. DISCUSSIONS AND CONCLUSIONS
We have discussed thermodynamical and magnetic properties of grand-canonical ensembles of the two-site Hubbard model within the frame work of the NES by using the two methods A and B for T − β relation. The temperature dependences of the specific heat and susceptibility calculated by the two methods are qualitatively the same, and they change significantly when q deviates from unity, as obtained in I for canonical ensembles of the model [14] . The two methods, however, yield a quite different q dependence of the Curie constant in the atomic limit, which is consistent with the result for free spin models discussed in appendix A. Although the result of the method B is considered to be more reasonable than that of the method, we cannot decide which of the two methods is correct for the adopted two-site Hubbard model at the moment. For our calculation to be complete, we need to know the q value appropriate for the model, which is currently not available. It is necessary to further develop the theory on NES in order to clarify the two issues (i) and (ii) raised in the introduction. In order to determine the index q from a comparison with experimental data in a phenomenological way, we are requested to perform numerical calculations of the Hubbanrd model with a larger size which was discussed in BGS [18] .
The thermal average of the magnetization is given by
from which we get the susceptibility given by
In deriving Eq. (A11), we have adopted w i = 1 and Y q = 2 N , and
for (β/c q )(h m i + E q ) ≪ 1 with h → 0. When we adopt the method A given by T = 1/β [Eq. (22)], Eq. (A11) becomes
with the Curie constant Γ q given by
which agrees with the result of Ref. [20] previously obtained by using the Tsallis' normalized scheme [2] . Equation (A14) has an anomalous exponential dependence on N, and shows dark magnetism: the apparent number of spins is larger than the actual one [20, 21] . On the contrary, when we adopt the method B given by T = c q /β [Eq. (23)], the Curie constant becomes
whose N dependence seems reasonable. By using the T -β relation:
Reis et al. [19] have obtained the result same as Eq. (A15). This is due to a fact that with E q = 0 for h = 0, Eq. (A16) reduces to T = c q /β which is adopted in the method B. When we adopt the relation: q = 1 + 2/N obtained for nanoscale systems [8] [9] [10] , Eqs. 
